Abstract: An extensive experimental study of the monotonic, recovery, and cyclic behavior of two bitumens commonly used for pavement construction in the U.K. was performed over a wide range of strain rates, stresses, and temperatures. The steady-state monotonic and cyclic behavior of the materials followed the modified Cross model with the bitumen exhibiting linear and nonlinear viscous behavior at low and high stresses, respectively. Continuous and pulse-loading cyclic tests revealed that the behavior of the bitumen is mean-stress governed in the continuous cyclic tests while strain recovery is important in the pulse-loading tests. A phenomenological model calibrated by a minimum of four tensile experiments is proposed and shown to capture the bitumen response accurately over all the loading histories ͑monotonic, continuous cyclic, and pulse loading͒ and temperatures investigated.
Introduction
Bituminous mixtures are used extensively in pavement construction. Early experiments indicated that the mechanical behavior of bituminous mixtures is strongly dependent on the bitumen binder, even though the mixture typically contains less than 10% bitumen by volume. A large number of experimental investigations have attempted to characterize the monotonic and cyclic behavior of bitumen with the aim of improving the understanding of the rutting or permanent deformation behavior of pavements. Some of the relevant studies are discussed below. Readers are referred to Cheung ͑1995͒ for an extensive review of the subject.
Early work by van der Poel ͑1954a͒ indicated that the "stiffness" of bitumen at low strains could be correlated with the penetration index and softening point ͑Whiteoak 1990͒ of the bitumen; van der Poel summarized this behavior in the well-known van der Poel nomograph ͑van der Poel 1954b͒. Following the work of van der Poel, several researchers have attempted to characterize bitumen as a linear viscoelastic material using rheological models based on springs and dashpots and continuous relaxation spectra; see Ward ͑1971͒ for a discussion of the viscoelastic models of Schapery and coworkers for polymers. The work of van der Poel ͑1954a͒ and Jongepier and Kuilman ͑1969͒ extended these rheological models to bitumen.
Under the Strategic Highway Research Program ͑SHRP 1994͒, extensive studies were conducted to extend the linear viscoelastic models for use in more realistic conditions related to the specific application of bitumen. Worthy of note among SHRP studies are Anderson et al. ͑1991͒, Anderson and Kennedy ͑1992͒, and Christensen and Anderson ͑1992͒. After the SHRP, such notable models as the Christensen-Anderson ͑Christensen and Anderson 1992͒ and Christensen-Anderson-Marasteanu ͑Marasteanu and Anderson 1999͒ models were proposed to predict the dynamic mechanical behavior of bitumen. These models required the construction of master curves for the dynamic complex modulus and phase angle. The time temperature superposition principle or reduced variables method is used in the construction of these master curves.
These methods are widely accepted and used but have two major drawbacks. First, they are applicable only for small strains ͑up to 0.1͒ and stresses in the linear viscoelastic range of behavior, while the thin films of bitumen binder between the aggregate particles are subject to large stresses and strains. Second, a large number of experiments need to be conducted to calibrate these models.
While the viscoelastic models attempt to capture the dynamic response of the bitumen, Saal and Labout ͑1940͒ and Lethersich ͑1942͒ demonstrated that the steady-state behavior of bitumen is linear viscous at low stresses. At higher stresses ͑0.1 to 1 MPa͒, experimental studies such as Gaskins et al. ͑1960͒, Sisko ͑1965͒, and Welborn et al. ͑1966͒ demonstrated that bitumen behaves as a nonlinear viscous solid. Cheung and Cebon ͑1997b͒ developed a deformation mechanism map for bitumen over a wide range of temperatures, stresses, and strain rates. For temperatures in the vicinity of the glass transition temperature T g of the bitumen, they showed that the transition from linear viscous behavior at low stresses to nonlinear viscous behavior of the bitumen at high stresses is captured by the Cross model ͑Cross 1965͒. The bitumen model proposed by Cheung and 
where o and ⑀ p are a reference stress and a strain rate, respectively, and the parameter m governs the behavior of the bitumen in the nonlinear regime.
Cheung and Cebon ͑1997b͒ also demonstrated that the temperature dependence of bitumen is diffusion governed at low temperatures ͑T Ͻ 20°C͒ and free volume governed at higher temperatures. For example, in the diffusion-controlled regime, the reference strain rate ⑀ p at an absolute temperature T is given by the Arrhenius relation
where ⑀ pc is the reference strain rate at T =0°C or 273 K and k = the Arrhenius constant, which is the ratio of the thermal activation energy to the universal gas constant.
Scope and Motivation of the Study
The main objective of the paper is to develop a simple phenomenological model for the transient monotonic and cyclic permanent deformation behavior of bitumen. This model should be calibrated with a minimum number of experiments and be amenable for implementation in finite-element codes.
First, an extensive experimental study comprising monotonic, continuous cyclic, and pulse-loading tensile experiments is reported. Based on these experimental findings, a viscous model including the effects of rate-dependent recovery is proposed. In this model, the total strain rate is decomposed into rate-dependent permanent and recoverable components. By contrast to the viscoelastic models discussed above, the viscosity of the bitumen is assumed to be dependent on strain, and thus the relaxation spectra are not explicitly required.
Experimental Investigation

Materials
Two different bitumens were tested in this study: a 50 penetration grade ͑pen͒ and a 100 pen bitumen ͓as the materials tested were not intended for a specific application, the penetration-graded ͑pen͒ specification was preferred to the performance-graded specification ͑PG͔͒. The glass transition temperatures of these materials are in the range −40°C Ͻ T g Ͻ −15°C ͑Welborn et al. 1966; Cheung and Cebon 1997a͒. These bitumens are commonly used in hot rolled asphalt paving mixtures as well as in coated Macadam paving mixtures in the U.K. ͑Whiteoak 1990͒. While most of the experimental results are presented for the 50 pen bitumen, the generality of the model developed is demonstrated by spot comparisons with tests on the 100 pen bitumen.
Specimen Preparation
Dumbbell-shaped tensile bitumen specimens were cast in split silicon rubber molds ͓see Cheung and Cebon ͑1997b͒ for details͔. The specimens were designed to have a thick gripping section and a uniform central gauge section of length 80 mm and diameter 20 mm. About 110 g of bitumen granules were taken from the freezer and melted at 160°C for approximately 2 h to remove all air bubbles. The bitumen was then poured into the mold, which had been preheated to 90°C for 15 min to avoid thermal contraction that could generate bubbles or residual stresses in the final specimen after casting. Once the mold was filled with bitumen, it was allowed to cool to room temperature for 3 h before half of the mold was removed. The half-mold with the specimen still in place was put into the freezer at −20°C for 6 h, and the hard specimen was then removed from the half mold and stored in the freezer ready to be tested.
Test Protocol
Tensile tests on the dumbbell-shaped specimens were performed in a hydraulic testing machine. The load measured with a 2 kN load cell was used to define the nominal stress in the specimen, while the load line displacement was employed to define the nominal strain. The specimen grips were diametrically split cups whose inner surfaces were shaped to match the heads of the dumbbell specimens. The inner surfaces of the grips were lubricated with a mixture of soap and glycerine to prevent the specimens from adhering to the grips. The test temperature was controlled by an environmental chamber with a resolution of ±0.5°C, and the rates of loading employed in this study were too slow for adiabatic heating effects to be significant. Prior to testing, all specimens were kept in the environmental chamber for about 2 h to allow them to attain the test temperature. Experimental results from tests at −5, 0, 10, and 20°C are reported here, which are representative of operating temperatures in the U.K. It is worth mentioning that a number of spot repeat tests confirmed the repeatability of the test results, but for the sake of brevity these results are not presented here.
Monotonic Tests
Constant strain-rate and constant stress creep tests were employed to characterize the monotonic stress versus strain behavior of the material. In the constant strain-rate tests, a specified uniaxial tensile strain rate ⑀ was applied to the specimen and the resulting nominal tensile stress and strain ⑀ recorded. In the constant stress creep tests, a constant nominal tensile stress was applied "instantaneously" to the specimen and the nominal tensile strain ⑀ recorded as a function of time t.
Creep Recovery Tests
The creep recovery behavior of pure bitumen was investigated by performing a series of single load/unload tests, as shown in Fig.  1͑a͒ . A stress was applied rapidly to the specimen and then held constant, and the material was allowed to creep to a specified total nominal tensile strain ⑀ T . At this strain, the loading stress was released and the tensile strain monitored until the strain rate was zero, ⑀ Ϸ 0. The strain at this point, ⑀ pl = ⑀ T − ⑀ r , is the irrecoverable strain, as shown schematically in Fig. 1͑a͒ . Such tests were repeated for a series of strains ⑀ T and creep stresses, .
Cyclic Tests
Continuous cyclic and pulse train tests were performed to characterize the cyclic or repeated loading behavior of the bitumen.
Continuous Cyclic Tests
In the continuous cyclic tests, the nominal tensile stress was varied between min and max , as shown schematically in Fig. 1͑b͒ , with R = min / max and m = ͑ min + max ͒ / 2 defining the load levels and the frequency f of the triangular waveform defining the loading rate. The nominal tensile strain was measured as a function of time and tests repeated for a series of values of R, m , and f. Strain-controlled cyclic tests were not performed in this study because the strain-controlled cyclic behavior is not expected to be important in understanding the rutting problem, wherein the ratcheting of strain gives rise to permanent deformation.
Pulse Train Tests
Tests comprising intermittent identical tensile stress pulses with a trapezoidal shape in the time domain, as shown in Fig. 1͑c͒ , were performed to simulate a load history similar to that experienced in a pavement. The aim here was to investigate the relation between the single load/unload behavior analyzed via the creep and creep recovery tests and the gradual ratcheting of strain due to the application of a continuous train of discrete stress pulses, as shown schematically in Fig. 1͑c͒ . The constant maximum stress p in each trapezoidal stress pulse was applied for a time period ⌬ p with a loading and unloading rate =4 p / ⌬ p . A series of tests at each test temperature were performed with varying time period ⌬ g between consecutive trapezoidal pulses at a fixed p .
Experimental Results
Monotonic Behavior
Constant strain-rate tests were performed over a wide range of strain rates and temperatures. Fig. 2 shows the nominal stress versus nominal strain response of the 50 pen bitumen at 0°C for four selected values of the applied strain rate ⑀ ͑similar results were also obtained at other temperatures͒. In each test, the stress increases progressively until a maximum value is reached. This value is defined as the steady-state stress ss , following the procedure proposed by Ward ͑1971͒ and Cheung and Cebon ͑1997b͒. With increasing applied strain rate, the steady-state stress increases and at strain rates ⑀ Ͼ 0.5 s −1 , a brittle fracture mode dominates. This very high strain-rate regime is not investigated in this study.
Constant stress creep tests were also performed over a range of stresses and temperatures. Fig. 3 shows the monotonic creep response of the 50 pen bitumen at 0°C for two selected stress values. The slope of the secondary creep region, in which the strain varies linearly with time, is defined as the steady-state strain-rate ⑀ ss at the prescribed stress, in line with the prescription of Ward ͑1971͒ and Cheung and Cebon ͑1997b͒. Fig. 4 summarizes the monotonic steady-state behavior of the 50 pen bitumen over a range of stresses, strain rates, and temperatures on a log-log scale with axes of ⑀ ss and ss . The steady-state results from the constant stress and constant strain-rate tests are seen to be complementary, with results of both types of tests overlapping at intermediate values of ss and ⑀ ss . This behavior enables the use of constant stress tests at low strain rates and constant strain-rate tests at the higher stresses and strain rates at which creep tests are impractical.
The modified Cross model ͓Eq. ͑1͔͒, with the constants listed in Table 1 , was fitted to the steady-state experimental data of the 50 pen bitumen in Fig. 4 . Similar to the observations of Cheung and Cebon ͑1997b͒, the bitumen exhibits nonlinear viscous behavior with ⑀ ss ϰ ss 2.6 ͑m = 0.615͒ at high stresses and linear behavior with ⑀ ss ϰ ss at low stress levels. Further, the temperature dependence ͑−5°Cഛ T ഛ 20°C͒ of the steady-state behavior of the bitumen is well characterized by the Arrhenius relation ͓Eq. ͑2͔͒. It is worth mentioning here that at temperatures outside this range, the thermal sensitivity of bitumen is expected to follow other scalings, for example, the Williams-Landel-Ferry ͑WLF͒ relation as discussed by Cheung and Cebon ͑1997b͒. A similar series of tests were also performed on the 100 pen bitumen, and steady-state behavior was again found to be well characterized by the modified Cross model with m = 0.60 and the Arrhenius relation capturing the temperature dependence; the material constants for the 100 pen are also listed in Table 1 . Outside the temperature range investigated here, it is expected that the temperature sensitivity of the bitumens is well captured by the models proposed by Cheung and Cebon ͑1997b͒.
The constant strain rate and creep tests reveal that the steadystate stress and strain rate, respectively, of the pure bitumen occur at a strain ⑀ Ϸ 0.15. Thus the steady-state modified Cross model described above can be viewed as the relation between stress and strain rate at a strain level ⑀ = 0.15, with ⑀ pc as given in Table 1 being the calibration constant for a strain ⑀ = 0.15. Thus it is expected that the Cross model can be extended to give the relation between the stress and strain rate at any value of strain ⑀ by replacing the constant ⑀ pc with a reference strain rate ⑀ oc ͑⑀͒ that is a function of strain ⑀. Eqs. ͑1͒ and ͑2͒ can then be rewritten as follows:
where
with the Arrhenius constant k assumed to remain unchanged from that given in Table 1 . Note that we have employed a reference temperature of 273 K ͑0°C͒ rather than the glass transition temperature T g . This is because T g for these bitumens lies outside the range of temperatures tested here, and the applicability of the model at that rather low temperature is unclear.
To test this hypothesis, the function ⑀ oc ͑⑀͒ was extracted from the constant strain rate and creep responses of the bitumen at a temperature T as follows. Given the stress versus strain curve for a constant strain-rate test at an applied strain rate ⑀, Eq. ͑3͒ was solved for ⑀ o ͑⑀͒ with given by the experimentally measured value of stress at the strain ⑀Ͼ0.005. At ⑀ =0, ⑀ o ͑0͒ = ϱ as the stress = 0. Thus the calibration calculation is performed for strain values ⑀Ͼ0. The modified Cross model is not expected to be accurate at very small strains when the rate-independent elastic response of the bitumen is not negligible, and thus this approximation for calibrating the model suffices. This procedure was repeated at selected values of ⑀ to get ⑀ o ͑⑀͒ as a function of ⑀. Similarly, from creep tests, Eq. ͑3͒ was solved at selected values of ⑀ to give ⑀ o ͑⑀͒, with ⑀ at each value of ⑀ given by the experimentally measured value of the strain rate at that strain ⑀. The calibration function ⑀ oc ͑⑀͒ was then obtained from Eq. ͑4͒ with the constant k as given in Table 1 , and T the temperature of the test used to obtain the function ⑀ o ͑⑀͒.
The calibration curves, ⑀ oc ͑⑀͒ versus ⑀, obtained from a series of three constant strain-rate and creep tests on the 50 pen bitumen at 0°C and 10°C, are shown in Fig. 5 : all the curves overlap to within experimental error, demonstrating the validity of the extension Eq. ͑3͒ to the modified Cross model. Calibration curves, ⑀ oc ͑⑀͒ versus ⑀, obtained for the 100 pen bitumen from two constant strain-rate tests at 0°C are also shown in Fig. 5 . These curves also overlap to within experimental error, which confirms that the extension to the modified Cross model holds for the 100 pen bitumen as well. 
Creep Recovery Behavior
Creep recovery tests on the 50 pen bitumen were performed at −5, 0, and 10°C and the recovery behavior investigated for unloading from total creep strains ⑀ T in the range 0.02ഛ⑀ T ഛ 0.2 for five levels of the constant creep stress . The creep recovery response at 10°C of the 50 pen bitumen with = 0.32 MPa is shown in Fig. 6͑a͒ , with strain ⑀ plotted as a function of time t for three selected values of ⑀ T = 0.06, 0.12, and 0.22. Similarly, the creep recovery response of the 50 pen bitumen at 0°C with = 0.2 MPa is shown in Fig. 6͑b͒ for two selected values of ⑀ T = 0.097 and 0.16. In all cases, the recovered strain ⑀ r is seen to increase with increasing ⑀ T . The results from all the creep recovery tests performed are summarized in Fig. 7 where the recovered strain ⑀ r ͑defined in Section͒ is plotted as a function of the total strain ⑀ T prior to unloading. The figure reveals that, to within experimental error, ⑀ r = ⑀ T with the slope ͑0 ഛഛ1͒ of the line in Fig. 7 independent of the stress and temperature for a given bitumen. In the following, this slope shall be referred to as the recovery constant , which was found to be 0.74 and 0.47 for the 50 and 100 pen bitumens, respectively.
Given that the monotonic loading response of bitumen is captured by the extended Cross model, in which the reference strain rate ⑀ oc ͑⑀͒ is a unique function of strain ⑀, it is expected that the recovery strain versus time history could also be captured by a unique unloading calibration curve. The recovery strain rate ⑀ r is a maximum immediately after the removal of the stress and reduces to zero as the strain ⑀ → ⑀ pl . Thus the recoverable strain is parametrized by
with ⑀ r = 1 at the instant of unloading and ⑀ r = 0 when the strain
, that is, when the recoverable strain is zero. It is hypothesized that the recovery rate ⑀ r at temperature T is described by a unique function ⑀ uc ͑⑀ r ͒ such that
͑7͒
The above equations imply that the recovery rate ⑀ r is ͑1͒ a unique function of ⑀ r , ͑2͒ independent of loading history, and ͑3͒ scales with temperature according to the same Arrhenius relation that governs the loading temperature dependence.
The function ⑀ uc ͑⑀ r ͒ is calculated as follows. With the recovery constant known for the bitumen, the recovery rate ⑀ r is calcu- Fig. 6 and set equal to −⑀ u . The reference recovery strain rate ⑀ uc is then calculated via Eq. ͑7͒ with the Arrhenius constant k given in Table 1 for the two bitumens under consideration. This reference strain rate ⑀ uc is plotted in Fig. 8 as a function of ⑀ r for the 50 pen bitumen from a series of three recovery tests at 0 and 10°C, similar to those shown in Fig. 6 . To within experimental error, all the curves for the 50 pen overlap each other. This confirms that the recovery behavior can be captured by a unique calibration curve ⑀ uc ͑⑀ r ͒. Similar results were also found for the 100 pen bitumen, with ⑀ uc calculated from series of two recovery tests on the 100 pen bitumen included in Fig. 8 . Intriguingly, the ⑀ uc ͑⑀ r ͒ versus ⑀ r curves for both bitumens are very similar. Further investigations need to be conducted to understand whether ⑀ uc ͑⑀ r ͒ is a universal function for all bitumens.
Continuous Cyclic Response
Continuous stress-controlled cyclic tests were performed to investigate the effect of the mean stress m , load ratio R, frequency f, and temperature on the cyclic strain versus time response of the bitumen. The strain versus time response of the 50 pen bitumen with R = 0.15 is shown in Figs. 9͑a and b͒ at 10 and 0°C, respectively, for two selected values of the mean stress m in each case. The cyclic stress-controlled response is seen to be similar in form to the monotonic creep response with primary, secondary, and tertiary regimes of behavior. The cyclic steady-state strain rate is defined as the mean gradient of the strain versus time history in the secondary regime of behavior. Fig. 9 shows that this steadystate strain rate increases with increasing mean stress m for a fixed R.
Next, consider the influence of the load ratio R and frequency f on the cyclic stress-controlled response. The strain versus time history of the 50 pen bitumen at 0°C with m = 0.095 MPa and f = 0.1 Hz is shown in Fig. 10͑a͒ for three selected values of R and in Fig. 10͑b͒ with m = 0.064 MPa and R = 0.15 for four selected frequencies f. Both these figures demonstrate that the load ratio R and frequency f have a negligible effect on the cyclic stresscontrolled strain versus time response of the 50 pen bitumen. A series of similar experiments on both the 50 pen and 100 pen bitumens confirmed this result over the range of temperatures and stresses investigated here.
Given that the cyclic stress-controlled behavior of bitumen is governed by the mean stress, it is worth examining the relation of the cyclic steady-state strain rate and the monotonic steady-state creep strain rate. The cyclic steady-state strain rate from a series of tests on the 50 pen bitumen ͑with varying values of f, R, and temperature T͒ is also plotted in Fig. 4 as a function of the mean stress m , alongside the monotonic steady-state data. A comparison between the cyclic and monotonic steady-state data reveals that the cyclic steady-state behavior follows the monotonic steady-state response, with the creep stress ss interpreted as the cyclic mean stress m .
Results of Pulse Train Tests
Cyclic stress-controlled pulse tests were performed for a range of temperatures, pulse stresses p , and time period ratios ⌬ p / ⌬ g ͓Fig. 1͑c͔͒. Representative results for tests on the 50 pen bitumen at 10°C and 0°C are shown in Figs. 11͑a and b͒, respectively, for ⌬ p / ⌬ g in the range 0.04 to 0.4. Similar tests on the 100 pen bitumen at 0°C with ⌬ p / ⌬ g = 0.2 and 0.4 are shown in Fig. 12 . The results clearly show that for a fixed value of p , the accumulated permanent strain decreases with decreasing ⌬ p / ⌬ g because larger fractions of the creep strain are recovered in the zero-load gaps between the pulses. In fact, as ⌬ g → 0, the pulse train tests converge to the continuous cyclic loading tests, with no recovery of the accumulated strain.
Phenomenological Model
A phenomenological uniaxial constitutive model for pure bitumen is proposed here that captures the monotonic, creep recovery, continuous cyclic, and pulse-loading behavior described in the previous section. The model is motivated by the following experimental observations: 1. The monotonic response is adequately described by the extended Cross model with the reference strain rate ⑀ oc a function of the strain ⑀. 2. The recovery response is captured by an unloading reference strain rate ⑀ uc , which is a function of the recoverable strain as parametrized by ⑀ r . 3. The continuous cyclic response follows the monotonic response with the mean stress m interpreted as the creep stress . This indicates that recovery is negligible in these continuous cyclic tests. 4. The loading and recovery temperature dependence of the bitumen is adequately described by the Arrhenius relation over the range of temperatures, −5°C ഛ T ഛ 20°C, investigated here. The total strain rate ⑀ is written as the sum of the viscous strain rate ⑀ v , which is active during loading ͑ 0͒ and the recovery strain rate ⑀ r , which is only active when the stress = 0. Thus for an arbitrary loading history
The viscous response of the bitumen to an applied load is given by the implicit equation of the extended Cross model
where ⑀ pl is the irrecoverable fraction of the viscous strain rate as discussed in Section and the recovery rate follows from the discussion as
Here sign͑0͒ is defined to be zero and −sign͑⑀͒ ensures that the recovery rate ⑀ r reduces the strain ⑀. Note that the calibration constants ⑀ o ͑⑀͒ and ⑀ u ͑⑀ r ͒ at the temperature T under consideration are given by Eqs. ͑4͒ and ͑7͒, respectively, with ⑀ oc and ⑀ uc the reference strain rates as shown in Figs. 5 and 8, respectively.
It is necessary to integrate Eqs. ͑8͒-͑10͒ with respect to time to obtain the strain resulting from an applied stress history.
Comparison with Experimental Results
In this section the predictions of the phenomenological model are compared with the monotonic, recovery, continuous cyclic, and pulse-loading experimental results. Detailed comparisons are made for the 50 pen bitumen, while for the sake of brevity only comparisons for the more realistic pulse-loading tests are shown for the 100 pen bitumen. The material constants employed in these comparisons are listed in Table 1 for both bitumens investigated with the loading and recovery calibration curves ⑀ oc ͑⑀͒ and ⑀ uc ͑⑀ r ͒ shown in Figs. 5 and 8, respectively. Comparisons between the model predictions and experimental data for monotonic constant strain rate and constant stress creep tests are shown in Figs. 2 and 3 , respectively, with the dotted lines corresponding to the model predictions. Excellent agreement is seen with both the constant strain-rate tests at 0°C and the creep tests at 10°C over a range of stresses and strain rates. Similarly, good agreement is seen between the model predictions and the creep-recovery experimental results for the 50 pen bitumen at 0°C and 10°C, as shown in Figs. 6͑a and b͒, respectively. It is worth emphasizing here that the tests used to calibrate ⑀ oc ͑⑀͒ and ⑀ uc ͑⑀ r ͒ were different from those employed to demonstrate the accuracy of the model in Figs. 2, 3 , and 6: the model is, of course, in perfect agreement with the calibration tests.
The model captures to within reasonable accuracy the continuous cyclic response of the 50 pen bitumen, as shown in Fig. 9 for tests at 0 and 10°C. A rate-independent elastic strain component is not included in the model, and thus, particularly for the tests at 10°C, the model does not capture the reduction in strain during the unloading part of each cycle. However, the total accumulated strain is predicted to within reasonable accuracy. As per experimental observations, the model correctly predicts a negligible dependence of the response on the load ratio R and frequency f as seen in the comparisons made in Fig. 10 .
A key judge of the accuracy of the model lies in its ability to predict the response of the bitumen in the pulse-loading tests: in these tests both the creep response of the bitumen under loads and its recovery behavior are combined in a complicated manner, and the response of the model is integrated over many cycles, enabling modeling errors to build up. Such comparisons for pulseloading tests on the 50 pen bitumen at 0°C and 10°C are shown in Figs. 11 and 12 for the 100 pen bitumen at 0°C. The model in all these cases is seen to accurately predict the total accumulated strains. However, the model underpredicts the strain recovery during the zero-load section of the loading history. This is due to the fact that the model assumes no history dependence, that is, the bitumen loading and unloading behavior is assumed to remain unchanged from cycle, to cycle with the first cycle identical to the n th cycle. The experimental results show that this is clearly not the case. However, the current simple model does succeed in capturing the total accumulated strain to within reasonable accuracy and is the relevant parameter in predicting the rutting response of a pavement.
Extension to 3D Loading
The constitutive model detailed above was developed for uniaxial loading and can be generalized for 3D loading by noting that for all practical purposes the response of the bitumen is independent of the mean or hydrostatic stress, with the bitumen behaving like a rate-dependent von Mises solid ͑Cheung and Cebon 1997b͒. Adopting Cartesian tensor notation, a 3D phenomenological constitutive model can then be written as
Noting that the viscous strain rate is independent of the hydrostatic stress, a 3D generalization of the extended Cross model ͓Eq. ͑9͔͒ based on the von Mises effective stress is given by
where e = ͱ 3/2 ij Ј ij Ј is the von Mises effective stress and ⑀ e = ͱ 2/3⑀ ij v ⑀ ij v the von Mises effective strain, with the prime denoting deviatoric quantities. Capital letters have been employed in the indices of the above equation to emphasize no summation over repeated indices. Note that in a uniaxial test with the axial stress and strain and ⑀, respectively, e = ͉͉ while ⑀ e = ͉⑀͉ for an incompressible solid. Consistent with the uniaxial observations, strain recovery is assumed to occur when e = 0. Thus the recovery rate ͓Eq. ͑10͔͒ is given by
and Eq. ͑5͒ becomes
The term ⑀ ij Ј / ⑀ e ensures that Eq. ͑13͒ reduces to the uniaxial model and that volume constancy is maintained, that is, ⑀ kk r =0. The rate-dependent part of the response is now fully specified. In order to complete the constitutive description, the elastic or rate-independent contribution can be added. For this, the bitumen is assumed to be a linear isotropic material with Young's modulus E and Poisson's ratio . The elastic strain rate ⑀ ij e is then given by
where ␦ ij is the Kronecker delta. This elastic component is negligible for most practical purposes and is added here to complete the specification of the phenomenological model for implementation in a finite-element program. A reasonably high value of E can be chosen so as not to affect the results but to ensure numerical stability of the finite-element code.
Approximate Calibration of Model
Six parameters-m, o , k, ⑀ oc ͑⑀ e ͒, ⑀ uc ͑⑀ e r ͒, and -uniquely characterize the deformation behavior of bitumen in the phenomenological model proposed. A five-step procedure to calibrate the model in an approximate manner with a minimum of four uniaxial tensile experiments is described below. Note that in uniaxial tension, the von Mises effective strain ⑀ e is approximately equal to the tensile strain ⑀; volume constancy is assumed to be approximately maintained in these large deformation tests where elastic effects are negligible. Thus, ⑀ e can be interpreted as the tensile strain ⑀.
Step 1 The first step is to characterize the monotonic steady-state response at the reference temperature of 0°C, which involves determining the constants m and o . Note that the Cross model in Eq. ͑1͒ reduces to a nonlinear viscous relation of the form
at ⑀ ss / ⑀ p ӷ 1. Experience suggests that it is adequate to perform two constant strain-rate tests at applied strain rates Ė n1 , Ė n2 Ͼ 10 −1 s −1 . The steady-state stress defined as the peak stress in these tests is then measured as ͚ n1 and ͚ n2 , respectively. The nonlinear viscous relation in Eq. ͑16͒ can then be solved to give the constant m as
Step 2 Next consider the low strain-rate limit when ⑀ ss / ⑀ p Ӷ 1. In this case the modified Cross model in Eq. ͑1͒ reduces to a linear viscous relation
A constant stress-creep test at 0°C can be performed at a typical stress of ͚ l1 Ͻ 0.05 MPa and the specimen strained up to ⑀ T Ϸ 0.20. Subsequently, the specimen can be unloaded until no further recovery occurs ͑⑀ Ϸ 0͒ with a permanent residual strain ⑀ pl . The secondary creep regime is then used to define the steadystate strain rate Ė l1 at the applied stress ͚ l1 . Combining Eqs. ͑16͒ and ͑18͒, the stress o at which the transition from linear to nonlinear viscous behavior occurs is obtained as
͑19͒
Step 3 Next, the calibration curve ⑀ oc ͑⑀ e ͒ for the monotonic transient behavior can be obtained as
where ͑⑀ e ͒ is the tensile stress at axial strain ⑀ in the constant strain-rate test at the applied constant strain-rate Ė n1 . Note that this calibration is typically performed for strain ⑀Ͼ0.005 in order to avoid the singularity at ⑀ = 0, as explained in Section.
Step 4 The parameters used to characterize the loading behavior of the bitumen at 0°C have been found. The unloading calibration curve ⑀ u ͑⑀ e ͒ and the recovery constant can now be extracted from the creep recovery test conducted in Step 2. With ⑀ T the strain prior to unloading and ⑀ pl the permanent strain accumulated in the creep recovery test described above, the recovery constant is given by
The recovery calibration curve ⑀ u ͑⑀ e r ͒ ͑with ⑀ e r = ⑀ r ͒ can be obtained from the unloading section of the creep recovery test using the procedure detailed.
Step 5 The phenomenological model is now completely calibrated at 0°C and it remains to determine the Arrhenius constant k in order to quantify the temperature dependence of the bitumen. A constant stress creep test at a stress ͚ l2 Ͻ o can be performed at a temperature T of 10°C and the steady-state creep rate measured, denoted Ė l2 . Then the Arrhenius constant k can be obtained from Eqs. ͑18͒ and ͑2͒ as
Thus a minimum of four separate uniaxial tension tests are sufficient to calibrate the phenomenological model proposed. More tests could be conducted to improve the statistical accuracy of the fitted parameters.
Discussion
A general 3D phenomenological model for bitumen has been developed. Four simple uniaxial tests suffice to calibrate the model, which is capable of predicting the response of pure bitumen for a variety of monotonic and cyclic loadings and over a range of temperatures.
Most models for the cyclic behavior of bitumen, such as those discussed previously, treat bitumen as either a linear or nonlinear viscoelastic solid. In such cases the creep and relaxation behavior is captured by a relaxation spectrum in the linear viscoelastic case and by the multiple integral representation of Ward and Onat ͑1963͒ in the nonlinear case. In contrast to the simple phenomenological model proposed here, an extensive set of experiments is needed to calibrate these viscoelastic models. In the model proposed here, a different approach is adopted where the response is not considered a superposition of relaxation moduli, but rather, the "viscosity," as parametrized by ⑀ oc ͑⑀͒ and ⑀ uc ͑⑀ r ͒, is taken to be a function of strain. This is similar to some metal plasticity theories where the yield strength is taken to be strain dependent.
Physically this can be rationalized by recalling that the asphaltenes in the bitumen rearrange with deformation, and thus the viscosity is expected to be a function of strain, just as the yield strength of metals is a function of accumulated plastic strain due to the evolution of the dislocation structure. Comparisons with a range of experiments show that such an approach provides a sufficiently accurate model for most practical loading histories.
The current model has been shown valid for most operating temperatures encountered in the U.K. ͑−5 to 20°C͒. At extremely low temperatures ͑less than approximately −15°C͒ the behavior of bitumen is no longer viscous, with brittle fracture and Eyring plasticity becoming the dominant deformation mechanisms ͑Che-ung and Cebon 1997b͒. This domain is not addressed in the current study.
Concluding Remarks
1. The monotonic constant strain rate and creep behavior of a 50 pen and 100 pen bitumen have been measured over a range of temperatures. The monotonic response under both these loading conditions was found to be adequately described by an extended Cross model wherein the viscosity as parametrized by ⑀ oc ͑⑀͒ is a function of strain. 2. The recoverable strain is directly proportional to the strain prior to unloading, with the recovery rate a unique function of the recoverable strain ⑀ r . 3. Both the loading and recovery responses were observed to be temperature dependent, with the Arrhenius relation capturing the temperature dependence over the range of temperatures tested, −5°C ഛ T ഛ 20°C. 4. Two types of cyclic loading tests were conducted: ͑1͒ continuous cyclic and ͑2͒ pulse train tests to simulate vehicle loading in a pavement. While the continuous cyclic response was similar to the monotonic response with only the mean stress governing the behavior, significant strain recovery was observed during the rest periods in the pulse train experiments. 5. A simple phenomenological model was proposed that can be calibrated by a minimum of four uniaxial tensile experiments. This model is seen to capture the monotonic, continuous cyclic and pulse-loading response of the two bitumens with reasonable accuracy. 6. An extension of the model to fully 3D loading is also proposed based on a von Mises criterion. This makes the simple model amenable to implementation in a finite-element program that can be used to predict the behavior of the bitumen under more complex loading conditions. Incorporation of this bitumen model into a micro mechanical model for asphalt is suggested as a topic for future study.
